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Abstract 

We describe all supersymmetric solutions of the heterotic string which preserve 
8 super symmetries and show that are distinguished by the holonomy, hol(V), of 
the connection, V, with skew-symmetric torsion. The hol(V) C SU{2) solutions 
are principal bundles over a 4-dimensional hyper-Kahler manifold equipped with 
a anti-self-dual connection and fibre group G which has Lie algebra, £,ie{G) = 
M^'"^, sl(2,M) © su(2) or cKiq. Some of the solutions have the interpretation as 
5-branes wrapped on G with transverse space any hyper-Kahler 4-dimensional 
manifold. We construct new solutions for £ie{G) = s[(2,]R) © su(2) and show 
that are characterized by 3 integers and have continuous moduli. There is also a 
smooth family in this class with one asymptotic region and the dilaton is bounded 
everywhere on the spacetime. 

We also demonstrate that the worldvolume theory of the backgrounds with 
holonomy SU{2) can be understood in terms of gauged WZW models for which 
the gauge fields are composite. 

The hol(V) C solutions are superpositions of fundamental strings and pp- 
waves in fiat space, which may also include a null rotation. The hol(V) = {1} het- 
erotic string backgrounds which preserve 8 supersymmetries are Lorentzian group 
manifolds. 
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1 Introduction 



It is well known for sometime that branes have a low energy description in terms of half 
super symmetric solutions of 10- and 11-dimensional supergravity theories. As such they 
have been instrumental in understanding the superstring dualities and in formulating 
the proposal for M-theory, see [HE]- In type II theories, apart from the various branes 
[3]-[inj, half supersymmetric solutions include brane bound states, see eg [H], and back- 
grounds which have applications in AdS/CFT correspondence, see eg [I2l [13]. Other 
half supersymmetric supergravity solutions are the vacua of string theory and M-theory 
compactifications like those on K^. In type I and heterotic theories, it is known that 
half supersymmetric solutions include the fundamental string [1], the pp-wave, and the 
5-brane [7]. Despite these developments our understanding of half supersymmetric solu- 
tions of 10- and 11-dimensional supergravity theories is rather limited. In particular, it is 
not known what kind of geometry the half supersymmetric solutions have or a systematic 
way to describe them. 

In this paper, we construct all the half supersymmetric solutions of the heteroticQ 
supergravity. This is based on the results of [IH[I5], where the Killing spinor equations of 
heterotic supergravity has been solved in all cases using the spinorial geometry technique 
of [16j. We find that there are three classes of solutions distinguished by the holonomy, 
hol(V), of the connection, V, with skew-symmetric torsion, H. These are hol(V) C 
SU{2), hol(V) C and hol(V) = {1}. ^ 

The solutions of the first class, hol(V) C SU{2), can be described in terms of the 
data of a principal bundle. In particular, we show that the spacetime M is a principal 
bundle, M = P{G, i?hk; tt), equipped with a principal bundle connection A. In addition, 
the base space -Bhk is a 4-dimensional hyper- Kdhler manifold, and the curvature of A 
is (1,1) with respect to all three complex structures, ie A is ant i- self- dual. The fibre 
(gauge) group G is a 6-dimensional Lorentzian, self-duo^ Lie group. The associated 
self-dual Lie algebras have been classified and have been shown to be isomorphic to M^'^, 
5[(2, M) ©su(2) or crog [H]. In addition, the gaugino Killing spinor equation implies that 
the gauge connection A of the heterotic string is also a anti-self-dual connection over 
Bhk- The Killing spinor equations determine the hol(V) C SU{2) solutions up to an 
arbitrary function h of spacetime. This in turn can be specified by either solving the 
field equations or the the (anomalous) Bianchi identity of H f l3.13p . Therefore the data 
needed to construct all half supersymmetric solutions in this class of the heterotic string 
up and including 2-loops in the sigma model perturbation theory are 

• a hyper-Kahler 4-dimensional manifold i?hk, 

• a anti-self-dual connection A on _Bhk with gauge group G such that £ie(G) is the 
Lorentzian self-dual Lie algebra M^'^, s[(2,R) © su(2) or croe, 

• an anti-self-dual connection A on Bhk-, and 

^The Killing spinor equations of type I supergravity are identical to those of the heterotic string. 
Consequently, the half supersymmetric solutions of type I supergravity will be constructed as well. 

^Self-duality in this context means that the 3-form associated with the structure constants of the 
Lorentzian Lie algebra, £ie(G), of G is self-dual. 



2 



• a solution of fl3.13p for the function h. 
Given these data, the solutions can be writteiifl 



as 



ds"^ = r^ab^X^ + hdsl^ , e2* = /i. 



(1.1) 



where is the curvature of /. 

We mostly explore explicit solutions for the class of backgrounds for which the con- 
tribution from the anomaly cancelation mechanism to the Bianchi identity of the 3-form 
field strength, H, vanishes, and so H is closed dH = 0. Although our formalism applies 
to the case that dH 7^ as well. 

The most straightforward case to consider is that for which the principal bundle 
connection A is trivial. Then the solutions up to discrete identifications are 



where Bhk is any 4-dimensional hyper-Kahler manifold and 5b^^.[G] denotes the 5-brane 
solution with transverse space Bhk and worldvolume geometry G. For the 5-brane so- 
lution of [7j, Bhk = and G = M^'\ In the AdSs x x 5hk and Ss^JAc/^g x S^] 
solutions, the radius of AdSs is equal to that of because of the self-duality condition. 
The solutions CWq x Shk and 5b^,^[G], G ^ M^'\ are new. 

New families of solutions can be constructed whenever A has non-vanishing curvature. 
Such solutions have the interpretation of wrapped 5-branes on G with transverse space 
any hyper-Kahler 4-dimensional manifold Bhk, where G = R^'^, AdSs x or CW^ 
up to discrete identifications. In particular, we explicitly construct the solution for 
G = AdSs X and i?hk = in the case that only the is gauged. The background is 
as in fll.ip and h is given in fl5.23p . These solutions are characterized by three integers 
[k, z/, p), where k is the flux of the 3-form in S^, v is the instanton number and p the 
asymptotic 5-brane charge. They also depend on at least 8z/ — 3 continuous parameters, 
the moduli of SU(2) instantons. In addition there is a family of solutions within this 
class, with h given in fl5.14p and z/ = 1, which are smooth and the dilaton is bounded over 
the whole of spacetime. In this case p = 4. For this family, the spacetime metric has an 
AdS^ X xM^ asymptotic region and there is no throat at the position of the 5-branes. 
We propose an M-theoretic interpretation of the v = 1 solution as the near M2-brane 
geometry of a M2- with -M5 brane intersection on a self-dual string. In particular, we 
identify the near-horizon geometry of the M2-brane as it emerges from the prescribed 
data. It is also likely that the more general solution based on v instantons, with h given 
in fl5.21l) . is also smooth and the dilaton bounded over the whole of spacetime. This 
solution has p = 4z/ and similar asymptotic properties to the solution based on a single 
instanton. 

The worldvolume theory of the hol(V) C SU{2) class of solutions can be related to 
gauged WZW models. In particular, the principal bundle connection can be thought of as 

•^Froin now on, the subscript hk indicates that the associated operation or space is taken with respect 
to the hyper-Kahler metric. 



Gx Bhk, 5b, JG] ; G = W"'^ , AdSs x , CW^ , 



(1.2) 
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the gauge field which arises from the gauging of the right action of a M^'^, si{2, M.) ©su(2) 
or cxVq WZW model. Such a gauging is anomalous but in this case the gauge fields are 
composite and depend on the scalars of the base space i?hk- As a result, the anomaly is 
cancelled because there is an additional contribution from i?hk- 

The worldsheet supersymmetry of the resulting theory depends on the particular so- 
lution. If the gauge connection is identified with the spacetime one, ie the contribution 
of the anomaly vanishes and so dH = 0, the minimal amount of worldvolume supersym- 
metry is (1,1) which in some sectors can enhance up to (4,4). All the solutions are finite 
up and including 2 loops. In addition an indirect argument, based on (4,1) worldvol- 
ume supersymmetry [18], suggests that most of, and perhaps all, such holonomy SU{2) 
backgrounds are ultraviolet finite to all orders in perturbation theory. In addition, we 
comment on the integrability of strings propagating in such backgrounds. 

Alternatively, if dH ^ 0, ie there is an anomalous contribution in the Bianchi identity 
of if, then the minimal worldvolume supersymmetry of the solutions is (1,0) which in 
some sectors can enhance to (4,0). Again an indirect argument, based on (4,0) worldvol- 
ume supersymmetry [18], suggests that some of these backgrounds are again ultraviolet 
finite to all orders in perturbation theory. However, the couplings may receive finite local 
counterterm corrections which arise from changing the renormalization scheme from a 
manifestly (1,0) to a (4,0) supersymmetric one [19j . 

The hol(V) C class of solutions include the fundamental string of [1] and the 
pp-wave solutions in flat space. We show that the most general solutions in this class 
are superpositions of the fundamental string, the pp-wave solutions together with a null 
rotation. Because of the chiral nature of these models, dH = 0, ie the anomalous contri- 
bution to the Bianchi identity of H vanishes. The worldvolume theory of generic such 
backgrounds exhibits (1,0) supersymmetry. The ultraviolet properties of the worldvol- 
ume theories of these backgrounds have been investigated in [20] and it has been found 
that some of them are not finite in the context of heterotic string. 

The solutions of the third class of backgrounds that preserve 8 supersymmetries, 
hol(V) = {1}, are WZW models. The spacetime is a Lorentzian group manifold. The 
gravitino Killing spinor equation admits 16 V-parallel spinors but the dilatino and the 
gaugino Killing spinor equations preserve only half of the parallel spinors. The spacetime 
is a product, up to the appropriate dimension, of one of the Lorentzian groups SL{2, M), 
M and CW2n with the Riemannian groups M, SU{2) and SU{3). The complete list can 
be found in table 4 of ^2T\ . 

This paper is organized as follows. In section two, we state the Killing spinor equa- 
tions of heterotic string. In section three, we solve the Killing spinor equations for the 
hol(V) C SU{2) class of backgrounds. In sections four and five, we give examples of 
new solutions and explore their properties. In section six, we give an M-theoretic inter- 
pretation for the hol(V) C SU{2) class of backgrounds. In section seven, we investigate 
the worldvolume theories associated with the hol(V) C SU{2) backgrounds. In section 
eight, we give the solutions of hol(V) C class of backgrounds, and in section nine we 
present our conclusions. 
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2 Killing spinor equations 



The gravitino, dilatino and gaugino Killing spinor equations of the heterotic supergravity 
(and type I) are 

+ 0{a'^) , 
+ 

+ C(a'2) (2.1) 

where A, B,C = 0, . . .9 are frame indices, $ is the dilaton, H is the NS®NS three-form 
field strength, F is the gauge field strength and 

VbY^ = VbY^ + ^H^BcY'' , (2.2) 

is a metric connection with torsion H . These Killing spinor equations are valid [22] up 
and including 2-loops in the sigma model perturbation theory [23]. As it has already 
been indicated they are expected to receive a' corrections from higher loops. Taking into 
account the 1-loop anomaly cancelation condition, H is not closed but instead 

cy' 

dH = -jti{R^ - F^) + 0{a'^) , (2.3) 

where R is the curvature of the metric connection V which has torsion —H. We follow 
the conventions of [2^. 

The Killing spinor equations (12.11) have been solved in complete generality in [15] 
and all the conditions on the geometry of the spacetime required for the existence of 
Killing spinors have been found. Here we shall investigate the special case of backgrounds 
with strictly 8 supersymmetries. A consequence of the results of [m [15] is that such 
backgrounds are completely characterized by the holonomy of V connection which can 
be either SU{2) or M*, ie hol(V) C SU{2),R^. In what follows, we shall solve the 
field equations for these backgrounds and we shall obtain a complete description of the 
solutions. 

3 Holonomy SU{2) solutions 
3.1 Geometry 

The backgrounds with 8 supersymmetries and hol(V) C SU (2) [H] admit an orthonor- 
mal frame = (e", e*), a = 0, 5, 1, 6, 2,7, i = 3, 8, 4, 9, such that the six 1-forms e"" and 
three 2- forms Ur, r = 1,2,3 

, Ur = ^{ujr)rje' Ae^ , (3.1) 

are V-parallel, where {uJr)ij = 5ik{Ir)^ j and the three endomorphism satisfy the algebra 
of imaginary unit quaternions. Iris = — 5rsl4x4 + ^rstlt- In addition, e° is chosen to be 
time-like and the other five are space-like. 



Vac 
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All the conditions that arise from the Killing spinor equations can be expressed as 
restrictions on the forms {e^,uJr)- Introducing a Hermitian basis with respect to Ji, ie 
= (e", e"), n = 3,4, and ui = —i e" A e", the conditions on the geometry imposed 
by gravitino and dilatino Killing spinor equations can be expressed as 

ijue^ = , VMOOr = , (3.2) 



(de'^)„" = , (de'^)^„ = 6 , 
29,$ - (e^J, = , 

= , (3.3) 



respectively, where M, N = 0, . . . , 9 are spacetime coordinate indices and the indices 
of the rest of the formulae have been converted to frame indices using the frame, and 
^051627 = 1- The 1-form 9^-^ is the Lee form associated with ui and its definition can be 
found in [14]. 

The first condition in (13.21) implies that the six vector fields Cq dual to the 1-forms 
are Killing and that the twist de" of these vector fields is determined in terms of 
H. This together with Va;^ = imply that hol(V) C SU{2) as expected. The (13. 3p 
conditions arise from the dilatino Killing spinor equation. In particular, the first two 
conditions imply that the Lie brackets of any two of vector fields associated to the 
1-forms e" close in the span of the vector fields, ie the six parallel vector fields span a 
metric Lorentzian Lie algebra. The structure constants of this Lie algebra are the Habc 
components of H. Moreover, the structure constants are self dual. The 6-dimensional 
self-dual Lorentzian Lie algebras have been classified [17] and they are isomorphic to 

M^'\ s[(2,R) ©su(2) , cWq . (3.4) 

In particular, the non-vanishing Lie algebra relations of croe are 

where /3 is a constant 2-form p, q,p', q' = 1, 6, 2, 7, and the Lorentzian metric is 

< ep, eg >= 5pg , < k, t >= 1 . (3.6) 
The condition on (3 arises from the requirement of self-duality of the structure constants 

of CWq. 

The conditions on de"" in (13. 3p restrict the twist of the parallel vector fields along 
the e* directions to be (1, 1) with respect to all three endomorphisms 1.^. Observe that 
de'^j = H°-ij. These restrictions will be interpreted as a anti-self-duality condition for a 
curvature. The condition on the Lee form 6 will also be explained later. 

The last condition in (13. 3p implies that the dilaton is invariant under the parallel 
vector fields. Since the metric is also invariant, it remains to discuss the invariance of 
H. The Killing spinor equations alone do not imply that H is invariant. However if H 
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is closed, then it is straightforward to show that H is also invariant, CaH = 0. Moreover 
in a perturbation scenario, assuming that at zeroth order H is invariant, because it is 
closed, the corrections to dH are constructed from curvature tensors and so are invariant. 
So it is reasonable to choose H to be invariant as well. It is also the case that 

ie^UJr = , CaUJr = . (3.7) 

The latter condition follows because Ur is V-parallel and that de'^j is (1,1) with respect 
to all three 7^. 

3.2 Solution of the Killing spinor and field equations 
3.2.1 Solution of the Killing spinor equations 

Taking H to be invariant under all isometries Cq, the conditions in (13.21) and (13. 3p have 
been interpreted in terms of principal bundles and their connections [1A\. In particular 
provided that the infinitesimal action generated by the V-parallel vector fields can be 
integrated to a group action, the spacetime, M, is a principal bundle M = P{B,G;7c), 
where £icG is one of the self-dual algebras in (13.41) . It is clear from (13.71) that Ur are 
the pull-backs of 2-forms on B and so one can write oOr = '^*^r- As a consequence, the 
base space B is an HKT 4-dimensional manifold, [ds^^j^^ H) equipped with the Hermitian 
forms ojr- The condition 6 = 2d^ implies that B is conformally balanced. 

In addition, the principal bundle is equipped with a connection A" = e", see eg [25]. 
The curvature 

J^^ = dX" - ^H\, A^A" = ^H\j e' A e^ (3.8) 

of A" is (111) with respect all the complex structures of the HKT manifold. Now if the 
orientatioio of B is chosen with respect to the toi complex structure, then the (1,1) 
condition on with respect to is compatible with the restriction that is anti-self- 
dual, 

^ = -\^^l''nl , dYo\ = Kj, Aui = ^e,,.„,,e^^ A ■ ■ ■ A e^* . (3.9) 
Given these data, the metric and H of spacetime can be written as 

ds^ = rjabX^X'' + 7i*dsl^) 
H = ^r]abX'' AdX' + ^r]abX'' AJ^' + TT*!! , (3.10) 

where ?7 is a bi-invariant metric on i2ie G. We can always choose the frame A such that 
rj is the standard Lorentzian metric. Observe that H can be written as a sum of the 
Chern-Simons form of A and the 3- form on B. 

^ The opposite orientation was chosen in [TU [TS] . 
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The solution to the Kilhng spinor equations (13.101) can be simphfied further. In 
particular since i? is a conformally balanced HKT manifold, there is a function h of B 
such thail 

ds(4-) = hds\^ , H = — ^hk dh , e^* = h , (3-11) 

where ds^j^ is a 4-dimensional hyper-Kahler metric. Since the ant i- self- duality condition 
of the curvature of A is conformally invariant, A can be thought of as a anti-self-dual 
principal bundle connection over the hyper-Kahler manifold Bh^. Thus all such solutions 
of the Killing spinor equations can be constructed from a hyper-Kahler 4.- dimensional 
manifold B^ and a anti-self-dual principal bundle connection on i?hk with gauge group a 
6-dimensional Lorentzian group G which has a self-dual Lie algebra (13. 4p . To summarize, 
the solution to the Killing spinor equations can be written as in (II. ip . To find the explicit 
solutions, one has to determine the function h. 



3.2.2 Solution of the field equations 

It remains to solve the field equations to determine h. For this suffices to solve the 
(anomalous) Bianchi identity for H which can now be written as 

dH = d7i*H + riabJ^" AJ^'' = -jtT{Ff - F^) + 0{a'^) . (3.12) 

Taking H to be closed in the zeroth order in a', the Bianchi identities imply that 
Rab,cd = RcD,AB- Since hol(V) C SU{2), the non-vanishing components of R are 
Rij,AB and moreover Rij^AB is (1,1) with respect to Ir- Similarly, the gaugino Killing 
spinor equation implies that the non-vanishing components of F are F^j and moreover 
F is (1,1) with respect to J,.. Using these, we find that 

- ^Lh - \vab ^ r'^' = ^ {tTR^JR'' - trF,,F*^) + 0{a'^) , (3.13) 

where all indicated contractions of i,j indices are with respect to the hyper-Kahler 
metric. To find a solution, this equation must be solved for the function h. 

In what follows, we shall mostly explore solutions for which the V connection is 
identified with the gauge connection A. As a result the curvature square terms in the 
right-hand-side of (13.131) cancel and there is no anomalous contribution in the Bianchi 
identity for H, ie dH = 0. This identification can always be done if the associated 
backgrounds are thought as solutions of the common sector of type II super gravities. 
However some care is required when the V connection is identified with A in the context 
of heterotic strings, see also [20] for a similar discussion. This is because for generic 
backgrounds hol(V) c 5*0(9, 1) and so it cannot be embedded in the 5*0(32) or 50(16) x 
5*0(16) internal symmetry of the fermionic sector of the worldvolume action necessary 
for the construction of 5pm(32)/Z2 and Eg x Eg heterotic strings, respectively. In 
the explicit examples that we shall consider below for the hol(V) C SU (2) class of 
backgrounds, hol(V) is always an orthogonal compact group which can be embedded in 
both 5*0(32) and 50(16) x 50(16) and so this difficulty does not arise. We shall give 
the holonomy of hol(V) in most examples for completeness. 

'^Our form conventions are I = yli^,,,ii,dx'^^ A • • • A dx^^ and Hodge dual is taken as = 
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4 Trivial principal bundle solutions 



4.1 5hk = 

4.1.1 WZW models and the self-dual string 

Solution 

Suppose that the principal bundle connection is trivial. This implies that JF = and so 
one recovers the Maurer-Cartan equations 

dX'' = ^H\,X'' A X'' . (4.1) 

So A are the left-invariant vector fields on the fibre group G. Moreover suppose that 
R = F = 0, hol(V) = {1}, so that the contribution from the curvature square terms in 
(13.131) vanishes. The resulting equation gives 

Vl^h = . (4.2) 

One solution of this is to take h constant, eg h = 1. In such a case, one finds the solution 

ds^ = r]abX''X'' + ds\M.'^) , H = - HabcX" A X^ A X\ $ = const. (4.3) 

6 

For the three choices of self-dual Lie algebras (13.41) . one finds the Minkowski vacuum 
solution, M.^'-^, AdSs x S*^ x M*^ and CWq x up to discrete identifications, respectively. 
Note that SL{2,M.) = AdS^ and SU{2) = S^. All these solutions have constant dilaton. 

The AdSs x x R'^ solution can be identified as the lifting of the near horizon 
geometry of the self-dual string to heterotic supergravity. The radius of AdS^ is equal to 
that of 5*^ because of the self-duality condition. We shall use this later in the M-theoretic 
interpretation of 5-brane solutions. 

The invariant metric on any CW space can be written as 

ds\CW) = 2dv(du + ly'p^ydv) + dy'dy . (4.4) 

8 

The solution requires that f3 is self-dual 2-form. So it can be written as a sum of the 
three self-dual forms on M^. As a result, 

ds\CWe) = 2dv(du - ^y'y dv) + dy'dy . (4.5) 

8 

where /i is the length of f3. In fact the CWq x solution preserves 12 super symmetries 
[26] and it is the Penrose hmit of AdSs x x R'^ 

Flux quantization 

We shall examine the worldvolume theory of strings in such backgrounds in more 
detail later. Here we remark that since the relative radius of AdS^ and 5"^ in the AdS^ x 

X background is fixed because of the self-duality condition, there is only one overall 
coupling constant. Moreover appealing to a Dirac quantisation condition 

[ H = k , (4.6) 

is an integer. A; G Z, in some units. 
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4.1.2 5-branes with flat and curved worldvolume 



Flat worldvolume 

There are three types of 5-brane solutions with different worldvolume geometry for each 
choice of Lie algebra (13 ■4p . The solution found in [7] corresponds to the case that 
£uG = M^'^. Allowing for delta function sources and identifying the V connection with 
the gauge connection A, one finds that a solutioii§ of (14.21) is 

Observe that hol(V) C SO (4). This solution can be rewritten as 

ds^ = ds\M.^''^) + h ds\R^) , H = -^dh , e^^ = h (4.8) 

and it is the multiple 5-brane solution of the heterotic string. The 5-branes are located 
at the Xe positions in M^, and M^'^ is the worldvolume. 

The solution has two asymptotic regions. As |x| oo, the spacetime approximates 
the Minkowski vacuum. On the other has I ^ 0, ie close to the position of a 

5-brane, the solution becomes the WZW model M^'^ x S''^ x M with linear dilaton. The 
dilaton is infinite at a; = a;^, ie string theory is strongly coupled, but this point lies 
infinite affine distance way from any other point of the spacetime. 

The 5-brane charge p, per unit worldvolume, is 

P = T^TTTTT;^ / H (4.9) 



2Vol(S3 



where Vol(S'^) = 27r^ is the volume of unit round and the integral is over the C 
at infinity, |a;| —>■ oo, of the transverse to the worldvolume directions of the 5-brane. 
A straightforward computation reveals that for the solution (14. 8p . the 5-brane charge 

is 



P 



J2Qi. (4.10) 



Appealing to the Dirac-like quantization condition, p must also be quantized in some 
units. 



Curved worldvolume 

There are two generalizations of the multiple 5-brane solution by replacing the world- 
volume M^'^ geometry of the above solution with either G = AdS^ x or G = CWq. 
These solutions are 

ds^ = ds\G) + h ds\R^) , H=l HabX A A A" - i.dh , e^* = /i , (4.11) 



^Observe that h + hiX^ is also a harmonic function if h is. So there is a more general solution which 
however is not asymptotically Minkowski. 
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where V is again identified with the gauge connection A, hol(V) c S0{4), and h is given 
in (14 .yp . These solutions have again two asymptotic regions. As |x| oo, these solutions 
become either AdS3 x xW^ or CWq x with constant dilaton. While as |x — 0, 
ie near the position of a 5-brane, these solutions become either AdS^ x x x R or 
CWq X X R with linear dilaton. The string coupling becomes infinite at the position 
of the 5-brane but this position is at infinite affine distance away. String theory is again 
strongly coupled at the position of the 5-brane. 

The solution (14. lip has the properties of a 5-brane with curved AdS^ x or CWq 
worldvolume. This is supported from the asymptotic conditions. The 5-brane charge per 
unit worldvolume is again p = Ylie.Q(- the (14.111) solution and h as in (14.71) . Observe 
that the size of the worldvolume geometry does not depend on the transverse coordinate 
X. In the AdS'i x case, one may also consider the flux (14. 6 p which is again quantized 
in some units. 

4.2 General hyper-Kahler 5hk 

4.2.1 WZW models and compactifications 

It is clear from (14. 2 p that h can taken to be a constant for any hyper-Kahler 4-manifold 
i?hk- As a result, one can find the solutions 

M^'i X Shk , AdS3 X S^x 5hk , CWq X 5hk . (4.12) 

Choosing i?hk = or T^, M^'^ x and M^'^ x can be interpreted as the vacua 
of a and compactification of the heterotic string to six dimensions, respectively. 
Similarly AdSs x x and AdS^ x x can be interpreted as the vacua of an 
AdS^ compactification of the heterotic string on x and S'^ x T^, respectively. 
In all the above backgrounds the V connection is identified with the gauge one A and 
hol(V) C 5*0(4). Of course -Bhk can be chosen to be non-compact. In such a case for 
any choice of a 4-dimensional hyper-Kahler manifold, we get a new solution. 

4.2.2 5-branes with fiat and curved worldvolume in hyper-Kahler manifolds 

The solution (14.110 can be generalized by replacing with any other 4-dimensional 
hyper-Kahler manifold i?hk- In such a case, h satisfies (14.20 where the harmonic condition 
is with respect to the hyper-Kahler metric on i?hk- The resulting solution is 

ds^ = ds\G) + h ds\Bh^) , H = - HabX AX^AX^- *hkdh , e^* = /i , (4.13) 

6 

where G = M^'^, AdSs x or CWq. This solution has the interpretation as 5-branes 
located on a 4-dimensional hyper-Kahler manifold with worldvolume geometry G. How- 
ever, the explicit expression for h depends on the choice of hyper-Kahler metric, and so 
explicit solutions can be given only on a case by case basis. In all these cases the V 
connection can be identified with the gauge one in the context of heterotic string since 
hol(V) C S0{4). It is straightforward to construct explicit solutions in some cases. For 
example an explicit solution can be found if the hyper-Kahler metric is chosen to be the 
Gibbons-Hawking metric. 
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5 Non-trivial principal bundle solutions 



5.1 Principal bundle connections 

Before we proceed to construct solutions with an abelian and a non-abelian principal 
bundle connection A, we shall first express A in terms of standard vector bundle connec- 
tion C. This strictly is not necessary since principal bundle connection theory is well 
established [25j . However, the analysis may look more familiar in terms of vector bundle 
connections. Indeed given C a vector bundle connection, write the local expression 

\ = -g-'dg + g-'Cg (5.1) 

where g is a, function of the principal bundle with values on the gauge group G. Since C 
takes values in the Lie algebra of the gauge group, it is clear that A is also £ie G-algebra 
valued. Moreover as required, it transforms under the adjoint representation of 2XtG 
under the right action of G on the spacetime. Restricting / on the fibre G, one recovers 
the left-invariant 1-forms of the group G. Next, the curvature 

= dl-lM (5.2) 

of A is 

= g-i^dC -CAC)g = g-^F{C)g , (5.3) 

where F{G) is the curvature of the connection G. Therefore the curvature of the principal 
bundle is related to the curvature of connection C up to a gauge transformation. 
Observe that if G is abelian, then (15. ip can be simplified. For example if G = f/(l), 
taking g = e~'^, then / = i{d6 + G), where G is locally a real 1-form. Such principal 
bundle connections appear in black hole solutions with rotation or brane solutions with 
wrapping on a torus. 

It is now clear that since the metric t] on £ieG is bi-invariant, one can replace 
T in the the equations (13.121) and (I3.13P with F{G). The gauge transformation g is 
eliminated from gauge invariant expressions like the first Pontryagin class. So to find 
explicit solutions, it is sufficient to begin from a anti-self-dual connection G and then 
use the formula (15. ip to construct the principal bundle connection. 

As a final remark on the relation between principal bundle A and vector bundle G 
connections, it is customary in some parts of the physics literature, instead of using A, 
to use 

p = gXg'' = -dgg-' + G (5.4) 

where dgg~^ are identified with the right-invariant 1-forms of G. Moreover typically 
dgg~^ are explicitly expressed in terms of the coordinates of G. Since p and A are 
related up to a conjugation all quantities of A can be expressed equally well in terms 
of p. However, we shall continue the analysis in terms of A because the geometric 
interpretation of both the metric of the spacetime and the 3-form field strength is more 
transparent in terms of A. 
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5.2 Non-abelian connections and = 
5.2.1 Instantons 

Before we proceed to explicitly construct supergravity solutions for i?hk = M^, we shall 
summarize some properties of SU (2) instantons. In fact the relevant instanton solutions 
are those for the gauge group SL{2,R) x SU{2). It is not apparent though that there are 
non-abelian anti-self-dual connections for the gauge group SL{2, M), so we shall consider 
non-abelian connections only for the SU (2) subgroup. 

Such connections can be constructed using the t'Hooft ansatz which can be described 
as follows. On there are two commuting (constant) hyper-complex structures and 

which can be constructed from a basis of self dual and anti-self-dual 2-forms, respectively. 
It is well known that so (4) = so (3) ©so (3) and and Jr span the two so (3) subalgebras, 
respectively. Next consider as a hyper-Kahler manifold with respect to 7^, and write 

C[ = (7,Mlog/, (5.6) 

for some function / of which must be determined. The anti-self-duality condition on 
F(C), which is equivalent to requiring that F{C) is (1,1) and traceless with respect to 
Ii, implies that 



/ 

Thus a solution for / is 



^d'f = (5.7) 



e=i ^ «i 

This is the z/-instantons solution with the i-th instanton located at the pole x^ and pj is 
identified with its size. 

These solutions though do not have the correct asymptotic behaviour and are sin- 
gular. In particular F{C) diverges at the positions of the instantons. However after a 
singular gauge transformation, the 1-instanton configuration can be rewritten as 

^r = 2(J.),.^^' (5-9) 

where translation invariance has been used to locate the instanton at the origin in W^. 

The instanton configurations are characterized by their first Pontryagin number or 
instanton number. 



1 



167r2 

In particular, for the 1-instanton configuration v = 1. 



SrsF^'AF'. (5.10) 
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5.2.2 Wrapped 5-branes on 

To find the solutions associated with the non-trivial SU (2) principal bundle, we begin 
by considering the instanton solution (15.61) for / given in (15. 8p . A direct computation 
reveals that 

- hrs^ T''' = -hrsF^iC),,F%Cr = d'dHogf . (5.11) 

Substituting this into the equation for h ( 13.131) . observing that hol(V) C 5*0(7), and 
identifying the V with the connection A, we have that 

-d'^h + d'^dHogf = . (5.12) 

Clearly, if one allows for delta function sources, then h is not uniquely determined in 
terms of /. In particular, one finds that 

h = ho + dHogf, ho = s + y^ . ^" ^ , (5.13) 

n ' ' 

where s = 1 or s = 0. 

Let us investigate the one instanton case with size in more detail. To begin consider 
the special case for which 

h=^ + A + d'logf = l + 4P^±^, f = l + ^ (5.14) 

receives contributions both from the instanton, /, and Hq. This is precisely the expression 
for h that one would find if the smooth instanton solution (15.91) was used to calculate 
the Pontryagin class. 

The resulting supergravity solution given by substituting ( 15.14p in ( 11. ip is smooth. 
Moreover it has one asymptotic region AdS^ x S*^ x as |x| ^ oo. Integrating H on 
the asymptotic 3-sphere C ffi^, one detects 5-brane charge 

p = 4. (5.15) 

So the smooth u = 1 instanton gives rise to 4 units of 5-brane change. It is not apparent 
why this is the case but this result arises from the standard normalization for 5-brane 
and instanton charges. 

Furthermore the geometry of the solution associated with (I5.14p at |x| — is again 
AdS^xS^xR'^ but this region is not asymptotic. This is because it can be reached in finite 
proper distance from any other region of spacetime apart from that for which \x\ —* oo. 
The dilaton is bounded on the spacetime and so there are no strongly coupled regions. 
These asymptotic conditions are reminiscent of those of dyonic 5-brane backgrounds [28] 
which preserve 1/4 of supersymmetry. 

It is clear that the spacetime of the solution (11.11) for h given in (I5.14p is a product 
M = AdS^ X Xy, where Xj is a non-trivial 5'?7(2)-principal bundle over M^. The size of 
the S*^ fibre is the same at every point of M^. The isometrics of Xj are SU{2) x S0{4). 
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So the symmetry group of the whole solution is SL{2,M.) x SL{2,M.) x SU{2) x 50(4). 
Observe that if the instanton connection vanishes and X7 = 5^ x M^, the isometry group 
is SU{2) X SU{2) X S0{4). The presence of an instaton breaks some of the isometrics 
of the background. 

Adding further 5-branes to (15.141) as 

one finds another solution with the same asymptotic geometry at |x| 00. But now 
at the position of the 5-brane there is another asymptotic region with geometry AdS^ x 
S*^ X 5*^ X M and a linear dilaton. The brane charge detected at |a;| — s-cxDisp = 4 + Q. 
This solutions has the same symmetries as that given for h in fl5.14p . Of course fl5.16p 
can be further generalized by adding additional 5-branes located at different positions 
in M^. 



5.2.3 ADHM construction and 5-branes 

One can generalize the previous example to multi-instanton solutions using the ADHM 
construction |29]. The simplest case to describe is that of u instantons for the gauge 
group Sp{r). For this consider a. + r) x r matrix V of quaternions which satisfy the 
linear relation 

AV = (5.17) 

where 

A = a + bx, (5.18) 

a and b are (z/ + r) x z/ matrices of quaternions, a; G EI = are the coordinates of the 
base space and the conjugation indicated is matrix transpose followed by quaternionic 
conjugation. The gauge potential is C = V^dV, where the differentiation is with respect 
to X. After some computation, one finds that 

- l^rsJ^I, T'^' = -^6rsF''{C),,F^{Cy^ = S^S^Trlogf , (5.19) 

where f is the u x u matrix 

f = A^A = a^a + a^hx + x^fo'^a + x^h%x . (5.20) 

To construct new solutions (11. ip based on the SU{2) z/-instanton connection given 
by the ADHM construction, substitute (15.191) in (l3.13p to find 

/i = s + S^Trlogf , s = 0,l, (5.21) 

This is the multi-instaton generalization of (I5.14p . s = 1. The 1-instanton case for the 
gauge group SU{2) = Sp{l) that we have given in (I5.14p can be recovered for 

A^ = (p,x^) (5.22) 
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where p is a quaternion with a real only component. Observe that the ADHM con- 
struction gives the smooth instanton solutions with the expected asymptotic conditions 
without the need of a singular gauge transformation. 

It is likely that the supergravity solution (11. ip associated with fl5.2ip is smooth and 
the dilaton is bounded everywhere on spacetime. However, we have not been able to show 
that h > for u > 1. As \x\ oo and for s = 1, the spacetime becomes AdS^ x x W^. 
The 5-brane charge detected at infinity, s = 1, is p = Au. If instead s = 0, as |a;| — > oo, 
the spacetime becomes AdS^ x 5*^ x S*^ x R. This is a linear dilaton background. 

The solution (11. ip associated with in (I5.2ip has continuous moduli which can be iden- 
tified with that of SU (2) instantons. In particular, it will depend on — 3 parameters. 
The spacetime is again a product SL{2,M.) x Xj. For a generic v instanton connection, 
the isometry group of X-j is SU (2) . So the symmetry group of the whole background is 
S'L(2,M) X S'L(2,M) X SU{2). Enhancement of symmetry can occur if the positions of 
the instantons and their relative orientations are chosen appropriately. 

A more general solution can be constructed by adding 5-branes located at different 
points in M^. In particular, one can solve (13.130 as 

O 

h = s + d'^Tilogi+y , „ , s = 0,l, (5.23) 

71=1 

where f is given in (15.201) . Apart from the asymptotic regions we have mentioned above 
as \x\ oo for (I5.2ip . this new solution has new asymptotic regions at the positions 
of the 5-branes |a; — Xn| ^0. The geometry of the spacetime near the positions of the 
5-branes becomes ^^5*3 x S''^ x S*^ x M. This is a linear dilaton background. The 5-brane 
charge detected at infinity, oo, s = 1, is p = + J2n Qn- 

The solution (11.10 associated with in (I5.23P has continuous moduli that of u SU{2) 
instantons. In addition the positions of the 5-branes are new moduli. So it depends of 
Su + 4k, — 3 parameters. The symmetry group of a generic solution is again SL{2, M) x 
SL{2,R) X SU{2). 



5.2.4 5-brane probes 

As further evidence for the interpretation of (15.140 . we can do a probe computation. 
In particular consider a 5-brane probe which is embedded in spacetime by identifying 
the worldvolume probe coordinates with the worldvolume coordinates AdS^ x of 
the solution (15.140 . Moreover, take the transverse coordinates x of the spacetime to be 
constant. The induced metric on the probe worldvolume is that the AdSs x S^. Moreover 
such a probe is supersymmetric. This follows immediately from the kappa-symmetry 
condition [SB El 6] 

Te = e , (5.24) 

where F is the kappa symmetry projector of the 5-brane and e is a Killing spinor. For 
the embedding described above, the kappa symmetry condition gives 

ro5i627e = e • (5.25) 

All Killing spinors of the supergravity background (15.140 satisfy this kappa-symmetry 
condition and so the embedding is supersymmetric. 
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5.2.5 Abelian connections 

The construction described above for non-abelian connections can be easily extended 
to abelian ones. If -Bhk = 3^^, abelian anti-self-dual connections can be constructed by 
writing 

a = ilryidjf (5.26) 

and requiring that are harmonic functions. Such solutions typically will be sin- 
gular at the positions of the harmonic functions One can make superposition of 
abelian and non-abelian gaugings. For example, one can consider principal bundles with 
a non-abelian SU (2) connection but only gauging an abelian subgroup of SL{2, M). The 
gauging of a time-like direction in SL{2, R) is of particular interest because it allows 
the construction of smooth solutions for the cases that i?hk is a compact hyper-Kahler 
manifold. However, this may lead to a Lorentzian holonomy for V. 



5.2.6 General hyper-Kahler manifolds 

It is clear that the construction of solutions presented above can be generalized to any 
4-dimensional hyper-Kahler manifold i?hk- Let us consider the case that i?hk is compact. 
To find a solution, one has to solve the equation 

'^Lh = -lvat^J"''' (5.27) 

for h. A partial integration formula easily reveals that there is no smooth solution for h 
unless 

r7,fe.F^ A ^^ = . (5.28) 



hk 



Assuming that we have only an non-trivial SU(2) connection, this condition cannot be 
met because the integral is proportional to the instanton number which is not zero. 

To construct smooth solutions the contribution of the SU{2) instanton must be can- 
celed. For this, we allow for rotation, ie for an abelian connection along a time-like 
direction in SL{2,M.). Since r/ is a Lorentzian metric, the consistency condition is now 
written as 

jro /\ jro + ^ /" jrr ^ jrr (5 29) 

Because of the relative minus sign, the U{1) instanton can be chosen to cancel the 
contribution from the SU{2) instantons. However now the holonomy of V may be 
Lorentzian and so V cannot be identified with the gauge connection in the context of 
the heterotic string. In such a case, the contribution of the curvature square terms in 
(13.131) should be taken into account. The condition for the existence of a U{1) instanton 
connection is 

jro /\ ^^j^ = . (5.30) 
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This can be generalized to the SU{2) instantons and involves the notion of stable vector 
bundles [30]. In addition of course (15.291) must be satisfied. Alternatively, one can 
add appropriate sources in the right hand side of (15.271) (anti 5-branes) to cancel the 
contribution from the SU{2) instantons. 

6 Type II and M-theory solutions 

6.1 Type IIB 

All solutions that we have presented here for which dH = can be considered as solutions 
of type II supergravity theories as well. Generic such solutions in type II will preserve 
1/4 of the supersymmetry, ie 8 supercharges. However special solutions can preserve 
more supersymmetry. 

In type IIB, the generic solutions we have constructed have the interpretation as 
wrapped NS5-branes on G with transverse space any 4-dimensional hyper-Kahler man- 
ifold. After an S-duality, the generic solution becomes a wrapped D5-brane on G with 
transverse space any 4-dimensional hyper-Kahler manifold. In particular, the S-dual of 
the solution given in (11.11) is 

ds^ = h-'^r]abn'' + h^ds\Bhu) , e^* = , 
Hrr = ^VabX"" AdX' +'^r],bX'' AJ^' -^hkdh , (6.1) 

where now Hrr is the Ramond-Ramond 3-form field strength. 

6.2 Type IIA and M-theory 
6.2.1 Intersecting branes 

To give an M-theoretic interpretation of the solutions we have constructed, we shall first 
explain some aspects of intersecting branes, see [34j for the supergravity solutions. It is 
not apparent what the structure is of a supergravity solution which has the interpreta- 
tion as a fully localized brane intersectioiij. A minimal expectation is that one should 
be able to locate the branes as well as their asymptotic regions that are involved in the 
intersection from data provided by the solution. For simplicity and for the application 
that we have in mind, suppose one wants to describe the fully localized M2-brane inter- 
section with an M5-brane. In particular, it has been argued in [37J that M2-branes end 
on M5-branes on a self-dual string. One way to fulfill the above stated requirements is 
to be able to define two distance functions 6m2 > and 6m5 > on the spacetime which 
describe the distances of spacetime points from the location 6m2 = and Sm5 = of the 

''Ansatze for the construction of supergravity solutions with an interpretation as brane intersections 
were initially proposed in [34j . For a more recent detailed account see |35] where indirect arguments 
and physical intuition, but not a systematic construction, are used to find solutions. 

partially localized solution with the interpretation of a M2-brane intersecting a M5-brane on a 
self-dual string can be found in [36] . 
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M2 and M5 branes, respectively. In addition consider 




(6.2) 



One can then give the following definitions of some regions of spacetime as follows: 

• Near horizon region of the self-dual string: 5M2±Mb small, A finite 

• Overall transverse: Smixm^ large, A finite 

• Near horizon of the M2-brane: 5m2 small, A << 1 

• Near horizon of the M5-brane: 5 Mb small, A^^ << 1 

There are other regions that one can define like those that are asymptotic to either 
M2- or M5- branes. Under the assumptions we have made, one finds that apart from 
the near horizon geometry of the common intersection there are other geometries that 
appear in the fully localized M2- with M5-brane intersection, like that of the near M2- 
brane geometry. This is simply the region of spacetime which is near the location of the 
M2-brane. Similarly, one can argue for a near M5-brane geometry. 

6.2.2 Near M2-brane geometry and brane intersections 

The background (11.11) viewed as solution of IIA supergravity can be easily lifted to 11- 
dimensional supergravity. In particular, the the 11- dimensional background associated 
with (11. ip for h given in (I5.14p is 



where y is the 11th coordinate. Recall that for this solution G = AdS^ x S^. The claim is 
that (16.31) describes the near M2-brane geometry of an M2 brane ending on an M5-brane 
on the self-dual string. We choose 6m5 = r. As r << 1, 5^5 becomes of the order of 5m2) 
ie A is finite and 5M2±Mb << 1. This region is the near horizon region of the self-dual 
intersection. The geometry of the spacetime in this region is AdS^^ x S''^ x which lies 
in a finite affine distance from the non-asymptotic points of the spacetime. This is the 
expected geometry of the self-dual strings that lie at the intersection. 

To continue, we take the 11th coordinate as one of the worldvolume coordinates of 
the M2 brane which is transverse to the M5-brane. Since this is claimed to be a near 
M2-brane geometry, one may expect to find some signs of the AdS^^ x near horizon 
geometry of the M2-brane. Now the AdS^ part of the spacetime is expected to include the 
distance function 5m2 of the M2-brane as a coordinate. So the remaining 3 coordinates 
of S'^ and the 4 coordinates of must give a description of S'^ . This seems to be 
the case because S'^ can be viewed as fibration ^ S'^ S'^. Moreover this is the 
instanton bundle, ie the curvature of a principal bundle connection is ant i- self- dual and 
has instaton number 1. Of course both the ^^5*4 and S'^ geometries of the near horizon 
geometry of the M2-brane are distorted because of the presence of the M5-brane. 



dsj- 



(11) 
F 



riabl^l^ + [ds^{M}) + dy^] 
H Ady , 



(6.3) 
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We do not have a proof that fl6.3p is the most general solution of this type. A concern 
is that (16. 3p is delocalized in the y direction. So there may be a more general solution 
of 11-dimensional supergravity which describes the near M2-brane geometry of an M2- 
brane ending on an M5-brane. However such solution will have more active fields and it 
will not be a solution of the type II common sector alone. 

7 World volume theory 

7.1 Gauged sigma models with WZ term 

To understand the worldvolume theory of the hol(V) C SU (2) class of solutions and in 
particular the presence of the Pontryagin class of the principal bundle connection in the 
expression for dH, we shall summarize briefly the gauging of a sigma model with a WZ 
term [38], for the supersymmetric case see [39]. The gauging which is relevant for the 
hol(V) C SU{2) class of solutions is that for which the sigma model target space is the 
fibre G of the principal bundle spacetime M = P{G, B; vr). 

To begin, we consider a sigma model with target space equipped with metric g and 
a Wess-Zumino term W, dW = 0. Moreover, we assume that admits a group action 
which leaves both g and W invariant. In the standard analysis for the gauging of such a 
system, the worldvolume dimension is two. Here, we shall weaken this assumption, and 
we shall take the worldvolume dimension to be n. 

The action before gauging is 

S = l [ d''ag,,d,XPd>^X^ + / W,,re^''Pd,X^d,X''dpX^ , (7.1) 

where S is the worldvolume and D is a 3-dimensional subset of E. 

To begin, let us consider the minimal coupling of W term. This gives 

W = ^W,,r{dXP + C^^eaJ A {dX'^ + C^'il) A {dX^- + C^^Ca,) , (7-2) 

where ^ are the Killing vector fields that also leave W invariant, and C is a connection 
which gauges the isometrics. Taking the exterior derivative of W , one finds 

dW = ^eaH,,rF{Cr A {dX^ + C^-aj a {dX^ + C^^Q) ■ (7.3) 
To preserve closure, one has to add non- minimal coupling as 

W = ^W,,r{dXP + C^^eaJ^{dX'^ + C^'a,)^{dX^ + C^'CJ 

- u^pidXP + C'eb) ^ F{Cr (7.4) 

where 

i^^W = dUa . (7.5) 
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Taking again the exterior derivative, one finds that 

dW = -CabF{Cr A F{Cf , Cab = eJ%M (7.6) 

It can be shown that c is constant. If c 7^ 0, the gauging is considered anomalous. For 
more details on the anomalies that arise in the gauging of the Wess-Zumino term of 
sigma models see [38] and for their relation to equivariant cohomology see [4U\ . 

It is clear that (17.61) is reminiscent to that of (13.121) . To make a connection with the 
hol(V) C SU{2) class of solutions precise, suppose that the sigma model target manifold 

is a group manifold G, N = G, and £>itG is M^'\ s[(2,M) © su(2) or croe- Moreover, 
we gauge the right action of G on G. The vector fields which generate this action are 
the left invariant vector fields and Cab = —Vab- 

It remains to explain the relation between the connections A and G, and the role 
of the base space B of M = P{G, B^n). The connection G that we have introduced 
to gauge the sigma model should not be thought of as a worldvolume field. Instead, 
it should be considered as a composite field which depend of the scalars of the base 
manifold B. Now the base manifold has also a Wess-Zumino term H which is invariant, 
C^aH = 0, and i^aH = 0, so H has trivial gauging. Now taking H = W + 7i*H, where 
W is given in (I7.4p . and evaluating dH, we recover (13.121) . Furthermore, the minimal 
coupling of the kinetic term of sigma model action (17.11) . the identification of = G, 
and the addition of the metric of the base space B, which has trivial gauging, reproduce 
the metric of the spacetime of the hol(V) C SU{2) class of solutions. 



7.2 Conserved currents and worldvolume supersymmetry 
7.2.1 (1,1) supersymmetry 

Suppose that the gauge connection A is identified with V, and so dH = 0. In such 
a case, the associated worldvolume theory of all generic backgrounds with hol(V) C 
SU{2) has (1,1) supersymmetry. Two-dimensional supersymmetric sigma models have 
been extensively investigated before [HI |l2l US, |18]. Here we follow [T^. To describe 
the worldvolume theory introduce the worldvolume coordinates {a^, , , 9~) , where 
cr") are even lightcone and {9^, 9~) are odd coordinates, respectively, and the usual 
odd superspace derivatives D_ and D^, D'^_ = id=, D\ = id^. Let g be the spacetime 
metric of the hol(V) C SU{2) backgrounds. Since dH = 0, H = db, the worldvolume 
action written in terms of (1,1) superfields is 

S = j d^ad9+d9-{g + b)MND+X^^ D_X^ , (7.7) 

where the spacetime coordinates have been promoted to worldvolume superfields 
X^{a^, a^,9~^,9~). The components of the superfield X are 

X*^ = X^l , = D_X^'\ , 7/-*^ = Z}+X^| . (7.8) 

The field equations are 

V-D+X^'^ = . (7.9) 
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It is easy to see, that in addition to the energy momentum tensor, and the (1,0) and 
(0,1) supersymmetry currents, for every V-parallel form there is a conserved current. In 
particular, the "elementary" conserved currents of generic backgrounds are 

T++ = gMND+X^'D+X'' , T__ = gMND^X""' D.X'' , 

r = lliD+X^' , U'' = ul^^D+X^'^D+X^ . (7.10) 

Non-generic backgrounds may have additional currents. As we shall mention later these 
may lead to the integrability of the string dynamics. 

7.2.2 Ultraviolet finiteness 

One of the issues that arises in the worldvolume theory is whether the associated sigma 
model is ultraviolet finite. Since the worldvolume theory of generic backgrounds has 
manifest (1,1) supersymmetry, it is not sufficient to guarantee ultraviolet finiteness. For 
this, the worldvolume supersymmetry has to be enhanced to (4,1) ^8]. In turn (4,1) 
supersymmetry requires the spacetime admits a hyper-complex structure. 

As we have already explained the spacetime M of generic hol(V) C SU{2) back- 
grounds admits a hyper-complex type of structure, /,., which is V-parallel. However, the 
endomorhisms Ir are degenerate and so cannot be thought of as complex structures on 
M. Moreover since M is Lorentzian, it does not admit complex structures which are 
hermitian with the respect the Lorentzian metric. Nevertheless, we shall provide an in- 
direct argument that the worldvolume theory of some of our backgrounds are ultraviolet 
finite. First, all these models are finite up to two loops. This can be shown by direct 
observation using the identification of the V connection with the gauge connection. Next 
we restrict our analysis to the wrapped on AdSs x 5-brane solutions. First observe 
that M = P(5L(2, M) x SU{2), B^^- n) = SL{2, R) x P{SU{2), 5hk; vr). The fields along 
SL{2,M) decouple from the rest of the theory. So the question is whether the sigma 
model on P{SU{2), B^]^; tt) is ultraviolet finite. 

To find whether the sigma model on P{SU{2), Bhi^;7i) is ultraviolet finite consider 
instead the sigma model on P{SU{2) x [/(I), B^^,; tt) = P{SU{2), 5hk; vr) x f/(l), ie add 
an additional free superfield X in the sigma model on P(S't/(2), i?hk; tt). It turns out 
now that P{SU{2) x U{1), Shk; tt) admits a V-parallel hyper-complex structure given by 

^^' = c:'6'A"'AA^'+c.^ (7.11) 

where is the hypercomplex structure on f/(l) x SU (2) = x S^. It is well known that 
X is an HKT manifold. Consequently the sigma model on P{SU (2) x f/(l), i?hk; ti") 
has (4,1) world volume supersymmetry and so it is ultraviolet finite as a consequence 
of the results of [18j. Since the P(^f/(2), Shk; vr) differs from P{SU{2) x [/(I), Phk; tt) 
up to the addition of a free superfield, which does not affect the interactions, the sigma 
model on P{SU{2), i?hk; tt) is also ultraviolet finite. Thus all wrapped 5-brane solutions 
on AdSs X are ultraviolet finite. We do not have an argument which generalizes to the 
rest of solutions. However, it is likely that all backgrounds of the class hol(V) C SU{2) 
which are associated with a (l,l)-supersymmetric worldvolume theory are ultraviolet 
finite. 
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7.3 String integrability 

As we have argued a large class of the supersymmetric heterotic backgrounds with 8 
supersymmetries, and possibly all, are ultraviolet finite. So, the question that arises is 
whether string theory can be solved on such backgrounds. With this we mean to solve the 
classical embedding equation of a string in such backgrounds, quantize the theory and 
construct the Hilbert space of string states. This does not appear to be the case for all 
backgrounds. For example, string theory has not been solved on the standard 5-brane 
background of [7]. Generic background do not appear to admit sufficient conserved 
charges (IT.lOp that may lead to integrability. Indeed although the theory has a Kac- 
Moody algebra as a symmetry, it does not have two copies of it as in the case of other 
integrable models like the WZW ones. Nevertheless, string theory is integrable on some 
special backgrounds which in some cases appear as limits of generic ones. These special 
backgrounds are 

GxBhk , Gx S^xR; Bhk = ^\ G = M^'^ , AdSs x , GWq , (7.12) 

up to discrete identifications. One can take B^k to be another hyper-Kahler manifold 
instead of M^, or its discrete identification T^, but this choice will suffice in what follows. 

All backgrounds G x R^, Bhk = R^, are either the 10-dimensional Minkowski space 
or a product of a WZW model with fiat space. Moreover the dilaton is constant. The 
solution of string theory on such backgrounds follows from that on fiat spaces and WZW 
models, see eg [H]. The solution of string theory in Minkowski space is well known. 
For the CWq x background, the solution of string theory on the plane wave CWq 
with a non-trivial H-fiux has been given in [15]. It remains to investigate the solution 
of string theory in the AdS^ x x background. The spectrum of string theory on 
AdSs has been investigated in detail in [46j and references within. Moreover the string 
spectrum on SU{2) is given by that of the standard WZW model. The central charge of 
the bosonic sector of the background is 

+ - - + 4 (7.13) 



k-2 k+2 

where each term corresponds to the contribution of the associated space in the product 
AdS-i xS^xR\ 

The backgrounds G x S'"' x M appear as near horizon geometries of 5-branes with 
worldvolume G. These are linear dilaton backgrounds. The dilaton depends on the 
coordinate of M. The solution of string theory on G has already been explained in the 
G X case above. In addition, the solution of string theory on S''^ x M has already 
been investigated in [7] in the context of 5-branes with worldvolume M^'^. The theory 
on 5''^ is a WZW model while the theory along M is a Feigin-Fuks theory associated with 
the linear dilaton. For example the total central charge of the bosonic sector of the 
AdSs X X X R background is 

3k 3k 3n 6, ,„ ^ 

■ +(1 + -), (7.14) 



k-2 k + 2 p + 2 ' p' 

where p is the 5-brane charge computed at infinity. The first two contributions to the 
central charge are due to AdS^ x worldvolume geometry. The first of the other two 
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contributions to the central charge is due to the WZW model associated with the near 
horizon 3-sphere while the last contribution is due to the to a Feigin-Fuks theory. Unlike 
the G X case above, the presence of a linear dilaton in these backgrounds gives rise 
to regions in spacetime which are strongly coupled and so string loop corrections should 
be taken into account. 

7.3.1 (1,0) supersymmetry 

So far, we have investigated the worldvolume theory of hol( V) C SU (2) backgrounds for 
which the V connection has been identified with the gauge one, and so dH = 0. If this is 
not longer the case, then Bianchi identity of H may receive an anomalous contribution 
( 12. 3p . The worldvolume theory of generic such backgrounds admits (1,0) supersymmetry. 
Let g be the spacetime metric. At the zeroth order in a', dH = + 0{a'), and so H = 
db+0{a'). In addition let {a^, a", 9^) be the worldvolume superspace coordinates, where 
(a^, cr^) are commuting lightcone coordinates and 9'^ is an odd coordinate. Moreover, 
introduce the superspace coordinate Z)+, D"^ = id^. Then the worldvolume action of 
string propagating in such backgrounds is 

S = -i j d^ad9+[{g + b)MND+X^^d=X^ + ihabi^lV , (7.15) 

where the spacetime coordinates x^^ have been promoted to superfields X^\a^, a^, 9~^), 
A is the gauge connection, and V+^Z'" = D^ipt + DX'^'^ AM^'b'^-- The theory has an 
additional fermionic superfield The components of both type of superfields are 

X^ = X^^\ , A^^ = D+X^^\ , = , r = V+^^l , (7.16) 

where £ is an auxiliary field. 

We have not constructed explicit solutions of this class of backgrounds. However, 
it is straightforward to see that one can easily generalize the wrapped 5-brane solu- 
tions on G to this case. We shall not give the details here. We shall focus instead 
on the issue of ultraviolet finiteness for these models. In particular consider the case 
of wrapped 5-brane solutions on AdS^ x for which is gauged but the V connec- 
tion is not identified with the gauge one. Generalizing the argument we have presented 
for the backgrounds with (1,1) worldvolume supersymmetry, we can show that such 
(l,0)-supersymmetric backgrounds are also ultraviolet finite. However in this case, the 
proof for ultraviolet finiteness is based on that of (4,0)-supersymmetric sigma models 
[m [19] instead of that of (4,1) supersymmetric ones. It is known that the couplings of 
(4,0)-supersymmetric sigma models receive corrections from changing the renormaliza- 
tion scheme from a (l,0)-supersymmetric to manifestly (4,0)-supersymmetric one ^19j . 
Such corrections are consistent with the contribution from the curvature square terms 
in dsn. 
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8 Holonomy m solutions 
8.1 Geometry 

The backgrounds with 8 supersymmetries and hol(V) C [Ij] admit a hght-cone 
orthonormal frame e"^ = (e~, e"*", e^), i = 1, 6, 2, 7, 3, 8, 4, 9. In this frame, the conditions 
that arise from the Kilhng spinor equations can be written as 

hol(V) C ^ vg- = , a+$ = , de- eM.^ , 

Hijk = 0, 2di^-H_^i = 0. (8.1) 

Moreover, the spacetime metric and H are 

ds^ = 2e~e+ + Sije'e^ , 

= e+ A rfe" + n.^ije- A e' A , (8.2) 

where Q is the spin connection. To solve the conditions that arise from the Kilhng spinor 
equations, first observe that (18. ip implies that the vector field X associated to the null 
1-form e~ is Killing. Adapting a coordinate to X as X = du- The metric is independent 
of u since X is an isometry. Next the condition de~ e can also be written as 

e- Ade- = . (8.3) 

This implies that there is a coordinate v such that 

e- = h-\y,v)dv , (8.4) 

for some function h which depends on the coordinates {v,y^), where are the coordi- 
nates along the transverse directions to the light cone. 

In terms of the coordinates {u,v,y^), the frame can be written as 

e" = h"^{y, v)dv , = du + Vdv + riidy^ , e* = e\dy'^ + fdv . (8.5) 

This frame is not unique. There is a residuum M'^-gauge symmetry which leaves e~ and 
the Killing spinors invariant which can be used to set t = 0. So one has 

e~ = h~^dv , e* = e\dy^ , = du + Vdv + njdy^ , (8.6) 

where h, e], V and nj depend on both v and y^ coordinates. The metric and 3-form field 
strength can be written as 

ds"^ = 2h'^dv{du + Vdv + njdy^) + 6ije}e^jdy^ dy^ 
H = e'^ Ade' - [h 6k[iej] d^Cj + d[inj^e{ej) e~ A e' A (8.7) 

Using the first condition in (18.11) . Hij^ = 0, and the torsion free conditions for the 
frame (e~, e"*", e*), one finds that 

di{2^ + log /i) = , dije'j] = , = e[ {-djV + d,nj) , 

Q-^ij = -h 8k[iej^ d^e'} - dyirij^elef . (8.8) 
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The first condition relates the dilaton to h. The second condition imphes that there are 
functions x\y^ such that 

e\ = dix' . (8.9) 

Performing the coordinate transformation = x\y^,v) and after an appropriate redef- 
inition of V and n, the fields can be rewritten as 

ds'^ = 2e~e^ + Sijdx^dx^ , e~ = h~^dv , = du + Vdv + riidx^ , 

i7 = rf(e-Ae+), e^'^ = h-^g{v) , (8.10) 

where h, V, n are functions of v and x*, and g is an arbitrary function of v. This concludes 
the analysis of the gravitino and dilatino Killing spinor equations. 
The gaugino Killing spinor equation implies 

= F,,=F_+ = 0, (8.11) 

where we have suppressed the gauge indices. In the coordinates of (I8.10p . these can be 
written as 

Fui = Fij = Fvu = (8-12) 

Choosing the gauge Au = 0, we have that the above conditions imply 

Ai = Ai{v, y) , A, = A,{v, x') , A^ = U-'diU . (8.13) 

After performing a gauge transformation using U, the only non-vanishing component of 
A is Ay and 

F„ = diA, . (8.14) 

Clearly the one-loop contribution to the Bianchi identity of H due to the anomaly 
cancelation mechanism for both A and V connections vanishes. So the solutions are 
at least two- loop exact. 

It is clear from the analysis so far that to find explicit solutions in this case, one 
has to determine the unknown functions that appear in (18.101) and (18.141) . These are 
h{x, v), V{x, v),ni{x, v) and Ay{x, v). This is done by solving the field equations. 

8.2 The solution of the field equations 

The Killing spinor equations imply some of the field equations. It is known [HI [15] 

that the remaining independent field equations that have to be solved are the E = 

component of the Einstein equations, the field equations LHab = of the 2-form gauge 
potential and the LF_ = component of the 1-form gauge potential. The field equation 
LHab = gives 

d'^h = , d^{dn)ji + gd^{g'^dih) = . (8.15) 
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Using dfh = 0, the E = component of the Einstein equations imphes that 

h-^d^V - h-^d^d'n, - log{h-^g) + hd^h-^d^ log{h-^g) = . (8.16) 
Moreover, LF_ = gives 

d^A^ = . (8.17) 

and so is a harmonic function on M^. 

The above equations of motion can be simphfied somewhat provided we take g = 1 
and choose 

d'ui = d^h . (8.18) 

In such they can be written as 

d^h = , dfuj = , = , d'^A^ = . (8.19) 

Therefore h, n, V and Ay are f -dependent harmonic functions of R^. Moreover, it is 
required that n and h satisfy (18.181) . Solutions of these equations that depend on both 
V and X coordinates have been given in [47]. 

Alternatively, one can assume that h, V,n and Ay depend only on x and g = 1- In 
such a case, one finds that 

dfh = , d^{dn)ji = , d^V = , d'^Ay = (8.20) 

So again h, V and Ay are harmonic functions of and n satisfies the Maxwell equations 
on M^. It is clear that the most general solution of this class is the superposition of a 
fundamental string with a pp-wave and with a null rotation. 

8.3 Worldvolume theory 

As we have already mentioned there is no anomalous contribution to the Bianchi identity 
of H in the hol(V) C class of backgrounds, and so dH = 0. However, the gauge 
connection A need not be identified with V. In fact in the context of the heterotic string 
A cannot be identified with V because the holonomy of the former is compact while 
the holonomy of the latter is Lorentzian for generic backgrounds [20] • As a result the 
worldvolume theory of generic backgrounds is (l,0)-supersymmetric. The action is given 
as in fl7.15p and we shall not repeat the analysis. 

To describe the ultraviolet properties of hol(V) C backgrounds we shall consider 
two cases. If the solutions are taken as backgrounds of the common sector of type 
II strings, ie the gauge connection is identified with V, and so the the worldvolume 
supersymmetry is enhanced to (1,1), then it has been shown in [20] that worldvolume 
theory is ultraviolet finite provided dyh = 0. Next consider the hol(V) C backgrounds 
as solutions of the heterotic string. As it has already been mentioned hol(V) cannot be 
identified with A for generic backgrounds. So in general the worldvolume theory has 
strictly (1,0) worldvolume supersymmetry. In addition it is known that in many cases, 
the 2-loop beta function does not vanish. An exhaustive analysis of the ultraviolet 
properties of these backgrounds in the context of heterotic string can be found in [20] . 
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9 Conclusions 



We have described all backgrounds of heterotic strings that preserve half the super- 
symmetry, ie 8 supercharges. There are three classes of backgrounds distinguished by 
the holonomy of the connection with torsion V. The backgrounds of the hol(V) C 
SU (2) class can be constructed starting from any 4-dimensional hyper-Kahler mani- 
fold, Bhk, and a anti-self-dual connection on it with gauge group G such that £ie(G) = 
M^'^,sl(2,M) ©su(2), croe is a self-dual Lorentzian Lie algebra. In particular, the space- 
time is a principal bundle with base space B^k, fibre group G and equipped with a 
compatible anti-self-dual connection A. We demonstrate that the generic solutions of 
this type have the interpretation of wrapped 5-branes on G. 

We have constructed new solutions which are characterized by 3 integers and depend 
on a continuous moduli which includes that of SU (2) instantons. There may be a relation 
of some of these backgrounds to the ADHM sigma models of |48] . We also explore their 
interpretation in M-theory in terms of M2- and M5-brane intersections. 

We have investigated the worldvolume theory of hol(V) C SU{2) backgrounds and 
show that it is closely related to that of gauged WZW models. However the worldvolume 
gauge field in this case is not independent but rather it is a composite that depends on 
the scalars associated with B^k- We demonstrate that a large class of the worldvolume 
theories based on these backgrounds are ultraviolet finite. This may be extend to all 
hol(V) C SU{2) backgrounds. 

We also show that the backgrounds of the hol(V) C class are superpositions of 
the fundamental string with a pp-wave which may also include a null rotation. 

For the third class of backgrounds that preserve 8 supersymmetries, hol(V) = {1}. 
The spacetime is a Lorentzian group manifold. These backgrounds have been classified 
in [2IJ. 

The analysis we have presented is complete for the hol(V) C class of backgrounds. 
The description of all hol(V) C SU{2) solutions requires the classification of all 4- 
dimensional hyper-Kahler manifolds and their anti-self-dual instantons which have gauge 
group G with Lie algebra sl(2, M)©su(2) or croe. There are explicit constructions of these 
data in many special cases but the description is not complete. Even in the case that 
Bhk = to construct all solutions, one has to find the (non-abelian) instantons with a 
Lorentzian gauge group G; £>icG = sl(2, M) ©su(2), cttie- Unlike for instantons on R'^ with 
a Euclidean gauge group, little is known about Lorentzian gauge group case. Though 
related configurations have been investigated in eg ^9] . Since any 4-dimensional hyper- 
Kahler manifold can be used to construct solutions, one may consider other examples 
from that with Bh^ = M^. An alternative choice is = and the anti-self-dual 
connections on to give new solutions. The supersymmetry of such backgrounds will 
depend on the choice of spin structures on and this worths further investigation. New 
explicit solutions can also be given by taking Bhk to be the Gibbons-Hawking manifold. 

It is clear that there are continuous families of hol(V) C SU{2) backgrounds and 
their moduli is very large. Nevertheless all such backgrounds can be understood in terms 
of 4-dimensional hyper-Kahler geometry and the theory of instantons on hyper-Kahler 
manifolds. 
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